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Abstract. This paper describes the methodolo-
gies used to tackle the problem of the 5th Global
Trajectory Optimization Competition within the
team composed by the Advanced Concepts Team
of the European Space Agency and theGlobal Op-
timization Laboratory of the University of Flo-
rence. The method pursued is powered by two in-
novative approaches: a linearized model of the ‘self
ﬂy-by’ aiding a ﬁrst broad tree search of chemi-
cal propulsion options and the use of global opti-
mization techniques (Monotonic Basin Hopping,
in this case) applied directly to the low-thrust tra-
jectory model.
1 Preliminaries
In the context of the Global Trajectory Optimization
Competitions we consider the problem of the ﬁfth edi-
tion (GTOC5), released by Moscow State University
scientists, winners of the 4th GTOC edition. The exact
mathematical formulation of the problem is described
in [1] and we will assume the reader is familiar with it.
In short, starting from the Earth, a spacecraft equipped
with low-thrust propulsion capable of delivering a con-
stant thrust of 0.5 N, needs to visit as many asteroids
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as possible from a given list of N = 7075 possible tar-
gets. Each visit is a rendezvous. After an asteroid has
been visited, an optional ﬂy-by can be attempted (at
any time) to deliver a penetrator to the asteroid surface,
and thus increase the mission value. The primary mis-
sion objective is thus to visit (and revisit) as many as-
teroids as possible within the mission constraints. A
simple calculation shows the complexity of the prob-
lem. The possible asteroid sequences (considering only
subsequent rendezvous) is N!(N-n)! , where n is the se-
quence length. As soon as n grows larger, the prob-
lem complexity grows and soon a simple grid search be-
comes unsuitable. The situation is actually much worse
as asteroid re-visits are also possible. As the problem
complexity is overwhelming we start by introducing one
simplifying assumption in the attempt to map the prob-
lem into an easier case. We assume that the spacecraft
performs a ﬂy-by delivering the penetrator immediately
after each asteroid rendezvous. Under this assumption
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we may state the GTOC5 problem as
ﬁnd: seq  An,mjd 2 Rn+1
to maximize: n = cardinality of seq
subject to: mf(seq,mjd) > 500 kg
mjdn+1 -mjd1 6 15 years
mjdi+1 > mjdi i 2 f1, . . . ,ng
57023 < mjd1 < 61041
Ai 6= Aj i 6= j i 2 f1, . . . ,ng
(1)
where A is the set of all 7075 asteroids, mjd is a vec-
tor containing the launch epoch and all the rendezvous
epochs (dimensionn+1) and seq = [A1,A2,A3, ..,An]
is a vector containing the asteroid encounter sequence.
The functionmf is the result of a global low-thrust op-
timization where the spacecraft dynamics is accounted
for. We assume here that infeasible choices of (mjd,seq)
(from the dynamical point of view, e.g. trajectories that
cannot perform the requested rendezvous/ﬂy-bys in the
selected epochs) result inmf < 500 kg. In order to solve
the problem stated in (1) we follow a two step approach
which is common in trajectory design and that proved
quite valuable to tackle problems in previous editions of
the GTOC (see for example [2, 3]). We ﬁrst compute
mf(seq,mjd) assuming the spacecraft equipped with
a chemical engine capable of delivering instantaneous
V changes. This allows to computemf with a greatly
reduced computational eﬀort, and thus to explore the
search space exhaustively. In a second step, we map the
solutions found in this “chemical version” of the prob-
lem back to the original one. The rest of the paper is
organized as follows: in Section 2 we study the ﬁrst tra-
jectory leg (i.e. Earth-Asteroid transfer) for all possible
asteroids, in Section 3 we explore the structure of low-
thrust self-ﬂy-by trajectories and we propose a simple
chemical approximation for such legs. Exploiting these
results we are able to deﬁne, in Section 4, the chem-
ical version of our search problem and to propose, in
Section 5 a few techniques to explore the vast solution
space. In Section 6 we map the solutions obtained back
to the full low-thrust problem. Finally, in Section 7 we
discuss the experience we gained from the application
of the proposed methods.
2 The ﬁrst low-thrust leg
Any trajectory that is a solution to the problem stated
in (1) needs to start with an Earth-Asteroid leg. Thus,
we study, separately, the optimal control problem for the
ﬁrst leg with the intention to further simplify the overall
problem. In particular, we study the low-thrust transfer
from the Earth to a generic asteroid A1 2 A allowing
(from the GTOC5 problem description) as a starting
range 57023 < mjdE < 61041 and constraining the
starting velocity gain delivered by the launcher toV 6
5. Because of the launch window width, more than time
one launch possibility for any considered asteroid is to be
expected. In order to locate them eﬃciently, we use, di-
rectly on the low-thrust model, the global optimization
approach described in Yam et al. [4]. In short, we tran-
scribe the Optimal Control Problem (OCP) into a Non
Linear Programming Problem (NLP) using a method
similar to the Sims-Flanagan transcription [5] and we
then consider the resulting NLP as a global non-linearly
constrained optimization problem which we solve us-
ing the Monotonic Basin Hopping (MBH) technique
[6, 7]. This procedure allows us to ﬁnd good launch pos-
sibilities in a reasonably short time, since we are able
to compute good launch possibilities to all asteroids,
ﬁrst with time as objective function and then with mass.
Overall we are able to solve, for two diﬀerent objectives,
a total of 70,750 non linearly constrained global opti-
mization problems (ten per asteroid) determining good
launch opportunities to reach the asteroids in the list.
We denote the best launch window for each asteroidA1
in the sequence with mjdE(A1). It is to be noted that
this ﬁrst optimization was run in parallel over 16 CPUs
and completed overnight (the open-source PaGMOop-
timization library was used for this purpose [8]). As the
amount of results from this optimization eﬀort is huge,
in Table 1 we report, as an example, only some of the
best launch possibilities found for both minimal time
and minimal mass ranked with respect to the objective
function. Launch occasions used in later optimization
runs (of the full trajectory) are also included. Note that
out of the 7075 asteroids, roughly 3000 result into un-
feasible trajectories (for the considered constraints), and
thus are not selected in the following searches as start-
ing asteroids. To allow for greater speed, a rather coarse
mesh grid was used as a precise computation of each op-
timal trajectory was, at this point of our solution strat-
egy, not a priority.
3 The self-ﬂy-by
To formalize the GTOC5 problem in the form given
by (1), we assumed that the spacecraft always revisits
an asteroid immediately after it has performed the ren-
dezvous with. This creates a trajectory leg (or phase)
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Time optimal Mass optimal
Rank Asteroid m [kg] t [days] Rank Asteroid m [kg] t [days]
1. 2001 GP2 87.47 53.88 1. 2009 QR 41.56 700.95
2. 2007 XB23 98.54 66.44 2. 2006 QV89 47.15 907.44
3. 2009 QR 99.24 67.24 3. 2006 XY 48.76 711.62
... ... ... .... ... ... ... ...
8. 2006 XY 127.14 98.91 6. 2007 UN12 51.13 942.19
15. 2006 QV89 138.39 111.67 50. 2007 XB23 77.18 771.57]
20. 2007 UN12 146.89 121.32 103. 2008 JL24 93.08 1009.81]
43. 1991 VG 175.33 153.60 105. 2001 GP2 94.11 918.56]
50. 2008 ST 179.92 158.81 110. 1991 VG 95.61 1079.69
113. 2008 JL24 216.41 200.22 129. 2008 ST 101.32 827.77
Table . Some opportunities found with the global optimization of the ﬁrst trajectory leg
having some unusual boundary conditions, namely a
zero departure relative velocity Vdep = 0 and an ar-
rival relative velocity Varr > V = 0.4 km/s, with the
arrival and departure object being the same (i.e. the as-
teroid). We call this leg a self-ﬂy-by leg. Representing
such a leg as a ballistic arc, for each given transfer time,
there exists a Lambert solution (the one that matches
exactly the asteroid orbit). Following this representa-
tion we could estimate the total V as the velocity mis-
match at arrival between the Lambert solution (i.e. the
asteroid orbit) and the next phase (i.e. V = V = 0.4
km/s) but we would have no indication on the necessary
transfer time as such a V does not depend on it. We
thus develop an alternative simpliﬁed model for this pe-
culiar leg by considering, in one dimension, the motion
of a point mass subject to an external acceleration. The
point mass position will be indicated by s, its velocity by
v and its acceleration by a. We assume that the point
mass (our spacecraft) will accelerate at its maximum ca-
pability a = Tmax=m0 away from the origin (asteroid)
for a time t1 and then it will accelerate back towards the
origin for a time t2. Starting from s = 0 and v = 0 we
get:

s(t1 + t2) =
1
2at
2
1 + at1t2 -
1
2at
2
2
v(t1 + t2) = a(t1 - t2)
if we also require that s(t1+t2) = 0 and v(t1+t2) = V
(which accounts for the terminal boundary conditions at
the ﬂy-by) we conclude:8<: t1 =
2p
2
V
a
t2 =
V
a
p
2
2 + 1

hence,8<: Tsfb = t1 + t2 = m0
V
Tmax

1+
p
2

Vsfb = aT = V

1+
p
2
 (2)
This crude model of a low-thrust self-ﬂy-by leg is valid
under the assumption of an inﬁnite speciﬁc impulse (this
hypothesis can be removed by propagating also the mass
equation, leading to more complex algebraic formulas)
and can be considered as a zero-th order approximation
of the spacecraft motion relative to the asteroid. The ad-
vantage is that, by using (2), we can put a quick estimate
on the propellant consumption and on the time of ﬂight
for such a leg. In particular, for the speciﬁcmission data,
theVsfb is estimated to be equal toVsfb = 960m/s
for all self ﬂy-by legs, while the time of ﬂight varies from
Tsfb  150 days, at the beginning when the spacecraft
weights 4000 kg, to Tsfb  18 days at the end when
the spacecraft weights only 500 kg. In order to test the
validity of such a model in the context of the GTOC5
problem, we performed the global low-thrust optimiza-
tion of self ﬂy-by legs selecting at random 10% of the
asteroid population and letting the starting epoch free
in the initial launch window. We used an initial mass
of m0 = 4000 kg and we let the velocity direction of
the spacecraft relative to the asteroid free at the ﬂy-by.
By doing so, we let the optimizer select the best starting
orbital anomalies to take advantage of orbital mechanics
eﬀects in order to shorten the self ﬂy-by duration.
The results are shown in Figure 2. We plotted theTsfb
and Vsfb resulting from the low-thrust global opti-
mization against semi-major axis and eccentricity of the
target asteroid. We observe how the predictions coming
from (2) are quite crude, still they represent an improve-
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Figure . Visualization of the simple model for the low-thrust, self-ﬂy-by leg
ment with respect to a simpler purely ballistic approx-
imation, furthermore they systematically overestimate
the values resulting from the solution of the time op-
timal self ﬂy-by problem. We also see that only a weak
correlation exists between the asteroid semi-major axis
and eccentricity and the accuracy of the prediction.
4 The chemical problem
Using the results derived in Sections 2-3 we transform
the problem stated in (1) into a simpler one where the
spacecraft trajectory is built by putting together Lam-
bert arcs, self ﬂy-by arcs (described by (2)) and the ﬁrst
leg resulting from the global optimization described in
Section 2. We state the following new problem, which
we refer to as the chemical version of the full-problem:
ﬁnd: seq  An
to maximize: n = cardinality of seq
subject to: mf(seq) > 500 kg
Tf = mjdn -mjdE 6 15 years
Ai 6= Aj
(3)
Formally, the diﬀerence with respect to (1), is that the
continuous part of the decision vector (i.e. the modiﬁed
Julian dates) has disappeared as it now depends, via the
Lambert solution, solely on the asteroids selected. The
ﬁnal mass constraint takes a diﬀerent form (this reﬂects
the change in the trajectory model) and the starting
epoch is not in the decision vector as it depends only on
the choice of the ﬁrst asteroid A1 (for each asteroid we
considered the best launch opportunity found. In later
searches we also considered the second and third bests
in an attempt to make our search less greedy). Note that
a number of diﬀerent options can actually be considered
when computing mf(seq) (e.g., number of revolutions
in the Lambert solution, or Lambert arc duration). In
these cases, we always perform an inner search to greed-
ily select the best option.
4.1 Computingmf(seq)
Consider seq = [A1,A2, ...,An]. We denote the epoch
and the spacecraft mass at the i-th asteroid with re-
spectively tAi and mAi . Consider now the transfer
Ai
fb ! Ai rndv   ! Ai+1: an asteroid to asteroid ren-
dezvous with self ﬂy-by. We estimate its costs using the
expressions:
mAi+1 +mpld =
=
h
mAi exp

-Vsfb
Ispg0

-mp
i
exp

-
Vi(i+1)
Ispg0

tAi+1 = tAi + Tsfb + Ti(i+1)
(4)
where Vi(i+1) and Ti(i+1) are the estimates of the
Ai
rndv   ! Ai+1 leg,mp is the penetratormass left at the
ﬂy-by and mpld is the payload mass delivered at each
asteroid. Starting frommA1 and tA1 as returned by the
global optimization of the ﬁrst leg, wemay use the above
equation to sequentially to obtainmf = m

An
and Tf =
tAn - tE. The estimates for Vi(i+1) and Ti(i+1) are
the only data needed. In order to compute them, we
consider all the multiple revolution Lambert’s problem
solutions for the transfer fromAi toAi+1 at time tAi+
Tfsb for diﬀerent values of the transfer timesTi(i+1)
(we consider all values in [100,700] days with bins of
10 days) and we select the best one in terms of minimal
velocity change (evaluated as the mismatches with the
asteroid velocities, after having subtracted V).
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Figure . Tsfb and Vsfb distributions for the time optimal self ﬂy-by legs. The zero-th order approximation has Tsfb = 150
days and Vsfb = 960 m/s, and can thus be considered an upper bound.
5 The tree search
Let us now consider problem (3). The non linear con-
straintsmf and T

f share a monotonicity property with
respect to n. Given an allowed sequence seq  An
of cardinality n, and a possible new asteroid, the new
allowed sequence seq 0  An+1 of cardinality n + 1,
obtained by adding such asteroid, satisﬁes
mf(seq) 6 mf(seq 0)
Tf (seq) > Tf (seq 0)
This property, speciﬁc of the given problem, allows us
to explore the search space of feasible sequences in-
crementally, starting from short length sequences and
adding asteroids when possible. We implemented two
approaches that exploit such a structure, a branch a
prune recursive tree search, and an order based Genetic
Algorithm using hidden genes.
5.1 Branch and prune
The branch and prune algorithmwe developed is, essen-
tially, a recursive search over the tree of possible chemi-
cal representations of the full trajectory. The algorithm
is built around the basic recursive function described in
Algorithm 1.
The choices of the pruning criteria and the list of as-
teroid candidates to consider at each step are crucial for
a successful application of such an algorithm. A bad
selection of these functions can result in pruning good
branches. Within the context of the GTOC competi-
tion there is no way of knowing how to choose these
functions, nor of studying the impact of a certain choice
on the resulting trajectories. So expert knowledge is
Algorithm 1 Recursive procedure for the Branch and
Prune
bp_step([A1,A2, ...,An],mAn , tAn ])
A˜ list of possible candidates for the next asteroid
for An+1 in A˜ do
ComputemAn+1 , tAn+1 using (4)
if prune( N,mAn+1 , tAn+1 ) then
log and continue
else
call bp_step([A1, ...,An+1],mAn+1 , tAn+1 ])
end if
end for
necessary and discriminates success from failure. The
list of possible candidates considered as reachable from
a given asteroid is formed by considering the ﬁrst 512
out of the 7075 asteroids ranked using the simple Edel-
baum approximation [9]. We list below the pruning cri-
teria we used:
1. At each recursive step we deﬁne
amax = Tmax=mAn and we prune if
Vn(n+1)=Tn(n+1) > amax. The coeﬃ-
cient  is set to 0.9;
2. We prune ifmAn+1 6 400 kg;
3. We prune if TAn+1 > 16 years;
4. At each recursive step, we deﬁne a tolerated varia-
tion on the mass as dmtol = 600-200(n+1)=Nt
kg, where nt is the maximum length found so far
for a feasible sequence plus one. We then prune if
[4000- 3500(n+ 1)=nt] -mAn+1 6 dmtol;
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Figure . Visualization of the branch and prune process over a small part of the search tree. Starting from the Earth (left) only the ﬁrst
three asteroid selections are shown and only a subsets of the transfer opportunities between asteroids are considered. Most branches are
here pruned helping the visualization.
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5. At each recursive step, we deﬁne a tolerated delay
on the time as dttol = 1000 - 500(n + 1)=Nt
days, where Nt is the maximum length found so
far for a feasible sequence plus one. We then prune
if (tAn+1 - tE) - 15(n+ 1)=nt 6 dttol.
The last two pruning criteria are used to prune trajec-
tories that accumulate too much delay (either in mass or
time) with respect to a nominal linear schedule bringing
in nt + 1 encounters the mass from 4000 kg to 500 kg
and the time from 0 years to 15 years. A visualization
of the resulting search process is shown in Figure 3. We
run such an algorithm starting from all launch opportu-
nities found performing the global optimization of the
ﬁrst Earth-Asteroid leg (see 2). The algorithm, run in
parallel over 8 CPUs, completed the entire tree search in
roughly a week, returning millions of asteroid sequences
and their encounter dates. Remarkably, in all the com-
puted sequences longer than 16, the ﬁrst asteroidA1 was
one of 1991 VG, 2007 UN12, 2008 JL24 and 2008 ST.
We found several sequences of length n = 17 (which
we later could not transform into a feasible low-thrust
trajectory), but no solution was found with a sequence
length n = 18.
5.2 Order-based Genetic Algorithm
The main risk with a branch and prune approach lies in
the fact that in order to obtain a tractable search space,
strict pruning criteria need to be enforced, so as to dis-
card vast swaths of the full search space. Branching and
pruning criteria are greedy, in the sense that they de-
mand performance to be above certain thresholds at ev-
ery step, and their enforcement thus prevents the iden-
tiﬁcation of solutions that, in order to reach excellent
performance levels at some point in the future, ﬁrst need
to “pay” high costs.
The second approach followed for the identiﬁcation
of good asteroid sequences used an order based Genetic
Algorithm (GA), in which a population of complete
candidate solutions (chromosomes) is evolved towards
maximization of a given ﬁtness function. Chromosomes
are here ordered subsets of the set of asteroids available
for the mission, and crossover and mutation operations
are deﬁned on them, that always generate valid permu-
tations. The goal with pursuing this second approach
was to conduct an exploration on the much larger search
space resulting from a relaxation of the pruning criteria
used in the branch and prune tree searches. Exhaus-
tive enumeration of the possible solutions was then no
longer feasible, but we assumed this approach could suc-
ceed in identifying good solutions possibly discarded by
the branch and prune’s greedier approach.
A population of 5000 chromosomes was used. Each
chromosome in the initial population was randomly
generated by uniform sampling without replacement of
20 asteroids from the full set of 7075 asteroids. No
transition constraints were imposed on the asteroid se-
quences (by contrast with the branch and prune ap-
proach, where an asteroid branches only into the 512
asteroids expected to represent the best transfers). The
only imposed positional constraint was that, as men-
tioned in Section 4.1, A1 had to be one of the aster-
oids for which a good launch possibility had previously
been identiﬁed in the global optimization of the ﬁrst leg.
After generating a random sample of asteroids, the se-
quence would then be rotated until one of those aster-
oids would occupy A1. This constraint is preserved by
the crossover and mutation operators described below.
Given a sequence of asteroids in a chromosome, a tra-
jectory is built by sequentially expressing the encoded
asteroids, up to the transfer that breaks one of the con-
straints: mAn+1 > 500 kg, and TAn+1 6 15 years.
The remaining asteroids in the chromosome are not ex-
pressed in the trajectory, and do not therefore contribute
to the chromosome’s ﬁtness.
The costs of transfers between asteroids in a chromo-
some were determined as described in Section 4.1, with
the diﬀerence that the transfer time Ti(i+1) was cho-
sen from amongst the 156 values in the range of 1 to 776
days (approximately 2.1 years), in bins of 5 days, and
was the one with minimal velocity change that did not
cause the maximum acceleration amax to be exceeded
(being amax determined using a coeﬃcient  of 1.0 –
see Section 5.1, pruning criterion 1). By comparison
with the branch and prune tree searches, these changes
enlarge the search space with a great number of trajec-
tories containing legs that take too long to complete or
require greater accelerations. Doing so in the context of
the Genetic Algorithm, however, increases the rate of
discovery of good relative orderings between asteroids,
that can then be used as building blocks in the construc-
tion of better trajectories.
Fitness assignment takes into account a chromo-
some’s trajectory score, as well as the resources (mass
and time) needed in order to achieve it. The best of two
chromosomes is deﬁned as being the one with greatest
score. In case of a tie, it is then the one with greatest
resource savings rating r(x). A generalized mixture op-
erator [10] aggregates the attribute vector x = [(mf -
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500)/3500, (15 - Tf )=15], in which the ﬁnal amounts
of mass and time are transformed into the ratios of the
available budgets for the mission left unused by the tra-
jectory:
r(x) =
Pn
i=1wi(x)xi
wi(x) = 1- xiPn
j=1 xj
The linear weight generating function wi(x) dynami-
cally adjusts the weights assigned to each attribute, as
a function of the degree to which each is being satis-
ﬁed. Speciﬁcally, it implements a preference for trajec-
tories that allocate more evenly the mission’s resources.
As both mass and time are critical resources that need
to be made available for additional asteroids to become
reachable,wi(x) favors improvements to the least avail-
able resource.
A steady-state population update scheme was used,
which alternates between steps of parent selection, mat-
ing, and insertion of the generated oﬀspring back into
the population. Tournament selection, with a tour-
nament size of 2, is used for selecting 2 parents for
reproduction. The selected parents always undergo a
crossover operation, in which a single oﬀspring is gener-
ated. That oﬀspring then undergoes mutation. Finally,
the oﬀspring replaces the worst solution in the popula-
tion, if it has a better ﬁtness, otherwise it is discarded.
A uniform scanning adjacency-based crossover oper-
ator was implemented. It is a variation on the operators
in [11]. One oﬀspring chromosome is sequentially con-
structed, by selecting asteroids from parents, in a way
that explores variations on the relative orderings they
encode. Throughout the construction, one index is kept
per parent, pointing to the asteroid in its chromosome
vector that the parent advocates as being the adequate
choice to follow up from the asteroid last added to the
oﬀspring sequence. At every step, the oﬀspring ran-
domly selects one of the parents, and takes the asteroid it
is currently pointing to. Initially, those indexes point to
the ﬁrst asteroid in each parent. Whenever one asteroid
is added to the oﬀspring sequence, each parent updates
its index, so as to point in its chromosome to the posi-
tionally nearest asteroid to the one just added, that is not
yet present on the oﬀspring sequence. Example: consid-
ering asteroid 2 was just now added to the oﬀspring, the
parent [3, 7, 2, 6, 5, 1, 4] would set its position marker to
the ﬁrst asteroid in the following sequence, that is not
already part of the oﬀspring: [6, 7], [5, 3], 1, 4 (scanning
forward and back from asteroid 2, with no wrapping;
should two asteroids at the same distance from 2, such
as 6 and 7, be viable choices, one of them is chosen at
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Figure . Performance of the order-based Genetic Algorithm:
scores (top) and diversity (bottom) of asteroid sequences in popula-
tions throughout the optimization (values averaged over 30 runs).
random). Should an added asteroid not occur in one of
the parents, that parent keeps its position marker at its
previous state.
The implemented mutation operator swaps two con-
secutive asteroids, chosen uniformly at random from
among the 19 pairs in the sequence. Should the ﬁrst
pair be chosen, the second asteroid only takes the place
of the ﬁrst if it too is a valid starting asteroid.
Figure 4 shows the typical performance of a GA run
(averaged over 30 independent runs) searching among
the complete set of available asteroids, for a sequence
with maximal score. Figure 4(top) shows the progress
in the population’s scores throughout the search. The
average score of the best found asteroid sequence in a
run was 12.7 (st. dev.: 0.6), with the best score achieved
with this setup being 14.2. As individual GA runs com-
pleted on average in approximately 17 hours (running
in a single processor), the GA achieved on average 75%
of the quality of solutions identiﬁed in the branch and
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prune tree search (where sequences of length 17 were
found), in roughly 1.3% of the CPU time, while search-
ing in a much larger search space.
Figure 4(bottom) shows the number of distinct as-
teroids being expressed at each position Ai across the
population’s 5000 trajectories. We can observe that, fol-
lowing the appearance of chromosomes in the popula-
tion which are able to express a greater number of aster-
oids (increase the score), over what had previously been
identiﬁed, there is an explosion in the number of as-
teroids being identiﬁed as viable choices for those legs.
At the same time, the gradual identiﬁcation of the best
asteroids for a given position continually pushes for a
convergence on the set of asteroids that are deemed ap-
propriate choices at the preceding positions. As the
crossover and mutation operators only make use of the
asteroids contained in parents’ chromosomes, it is from
chromosomes’ non-expressed genes that novel combi-
nations are generated. Though non-expressed genes do
not contribute to an individual chromosome’s ﬁtness,
the crossover operator is able to use it as a “genetic
memory” of good relative orderings that were expressed
at some point in the chromosome’s ancestors. Non-
expressed genes are therefore equally undergoing evo-
lution, increasing the likelihood of successful transfers
being generated.
6 Back to the low-thrust world
The results from the tree search come in the form of
pairs [seq,mjd] containing asteroid sequences and their
encounter dates. The large number of returned trajec-
tories is prohibitive to perform a full optimization for
all of them. Thus, we further screen the solutions. This
is done considering the global optimization for single
asteroid-to-asteroid legs with self ﬂy-by and trying to
transform incrementally the trajectory returned by the
chemical search into a real low-thrust trajectory. Dur-
ing the optimization, an upper bound on the arrival time
of a given leg is set to the departure time of the next leg
to ensure the ’continuity’ of the whole trajectory. After
this preliminary screening process, we obtained a list of
feasible low-thrust trajectories, ranked by the number of
asteroid encounters, ﬂight time, and ﬁnal mass.
Next, we attempt to optimize selected sequences as
a whole trajectory by removing the bounds on the ar-
rival and departure times. Due to the complexity of the
problem, the optimizer has problems in converging in
a reasonable amount of time if we optimize the whole
trajectory from start. Instead we try to assemble a few
(two or three) asteroid to asteroid legs at a time by re-
moving the bounds on the middle times but keeping the
bounds at the start and the end.
In the last step the full trajectory is considered as
one single nonlinear programming problem. We use
a low-thrust trajectory model similar to that described
in [5] which is the basis of the widely used GAL-
LOP/MALTO trajectory optimization tool [12]. In
our own implementation (available in the open source
python library called PyKEP), the possibility of switch-
ing between Keplerian and low-thrust propagation is
present, so we ﬁrst use a Keplerian propagator to exploit
its speed. Only at the endwe switch to a low-thrust Tay-
lor propagation [13], roughly 5 times slower than the
Keplerian, where the whole trajectory is numerically in-
tegrated to satisfy all the constraints up to the requested
accuracy. In Table 2 we report a summary of the best
trajectory found.
7 Lessons Learnt
The trajectory summarized in Table 2 ranked as fourth
in the GTOC5 competition, a result one can be very
proud of, but that has to be analyzed in the context of
the overall methodology used. In particular we must re-
mark that solutions with N = 17 and N = 18 exist for
this problem, as proved by the other solutions returned
by other teams, but were not found by our methodol-
ogy. While we did ﬁnd solutions with N = 17 dur-
ing the chemical tree search, we were not able to trans-
form them into low-thrust solutions. No solutions with
N = 18 was found by our branch and prune exhaustive
tree search. While it is diﬃcult to say exactly what part
of our methodologies failed, we may look to them crit-
ically as to locate their main limitations and determine
good research directions.
1. The assumption that a chemical trajectory can ap-
proximate a low-thrust one is very strong and,
whenever possible, should be avoided. This re-
quires the development of more and more eﬃcient
tools for low-thrust optimization, but also a cor-
rect choice for the solution strategy, i.e. one that
does require only the strictly necessary amount of
trajectory legs to be computed. In the case of the
GTOC5 problem, this was probably a main fac-
tor to our algorithm failure in ﬁnding any n = 18
solution.
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2. Traversing the search tree using a branch and prune
algorithm, implemented as a depth-ﬁrst search, is
not necessarily a good idea. While depth ﬁrst
search has the advantage of delivering immedi-
ately some solutions one can work with (a very
important property in the context of the GTOC
competitions), its complexity grows exponentially
and thus encourages the introduction of more
and more arbitrary pruning criteria that eventu-
ally risk to make the search too greedy. Strategies
such as breadth ﬁrst search or A algorithm vari-
ants should also be considered and when possible
adopted. It is likely that our strict pruning crite-
ria, necessary for the depth ﬁrst search to ﬁnish in
a reasonable amount of time, did not allow us to
ﬁnd better solutions.
3. The use of evolutionary techniques, such as the
order based genetic algorithm here used, to per-
form a trajectory search for a multiple asteroid ren-
dezvous mission, while not competitive with other
approaches for the considered problem, showed in-
teresting results and it is considered as a very inter-
esting research topic.
4. Monotonic Basin Hopping, in connection to the
Sims-Flanagan trajectory model may help to avoid
the need for an initial trajectory guess, resulting in
an unbiased exploration of the low-thrust solution
space.
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